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The continuous and discrete symmetries of a dimensionally reduced type IIB superstring ac- 
tion are employed to generate four-dimensional cosmological solutions with non-trivial Neveu- 
Schwarz/Neveu-Schwarz and Ramond-Ramond form-fields from the dilaton-moduli- vacuum solu- 
tions. 
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Superstring theory is the most promising candidate for 
a unified quantum theory of the fundamental interactions 
including gravity [Q. The realization that the five dif- 
ferent string theories are related non-perturbatively by 
duality symmetries has led to renewed interest in the 
type IIB theory The Ramond-Ramond (RR) sec- 

tor of this theory is particularly relevant in view of the 
recent advances that have been made in understanding 
the relationship between D-branes of open string theory 
and RR gauge fields [Q. The main emphasis to date has 
been on black hole and membrane solutions 1^. How- 
ever, cosmological models might provide one of the few 
observational tests of the theory and the early universe 
represents a natural environment in which concepts such 
as string duality may be quantitatively studied, at least 
within the context of the low energy supergravity action. 

In this paper we will present four-dimensional (4- 
D) cosmological solutions of the type IIB theory with 
time-dependent Neveu-Schwarz/Neveu-Schwarz (NS- 
NS) and RR fields by exploiting the SL(2,R) symmetries 
of the theory |g. Solutions with a single NS-NS or RR 
form-field can be directly integrated to yield simple an- 
alytic expressions |]7|-p^. Solutions with more than one 
form-field have also been found where the system reduces 
to an integrable Toda model . Here we include the 

interactions between the NS-NS and RR form-fields on 
the external space, which in general leads to a more com- 
plicated system, but one which is still integrable due to 
the symmetries between the fields. Our results generalise 
solutions previously obtained by a single SL(2,R) trans- 
formation acting on the NS-NS sector solutions ■ 

The low energy limit of the type IIB superstring is ten- 
dimensional (10-D) N — 2 chiral supergravity [Q. The 
NS-NS fields of the bosonic sector of this theory are the 
dilaton, $, the 10-D metric, gMN, and the antisymmet- 
ric two- form potential, B^^j^. The RR sector contains 

(2) 

a scalar axion field, Xi a two-form potential, B\j^, and 
a four- form potential Dmnpq- The equation of motion 
for the latter field cannot be derived from a covariant 
action but we can consistently set it to zero. The 
effective action for the remaining fields is given by (Im 



5= / d'^'x^Tgwle 



(1) 



where Riq is the Ricci curvature scalar, giQ = Aei\gMN\ 
and H^jj^p = 9[j\,/i3^pj are the field strengths of the 

two-form potentials s'^^jj^. 

To investigate 4-D cosmological solutions we compact- 
ify the 10-D spacetime on an isotropic six-torus 



dsi 



gf,^{x)dx''dx" + ey'^''^'^5abdX''dX^, 



(2) 



where y{x) describes the volume of the internal space and 
is the only modulus field considered. We neglect moduli 
fields arising from the compactification of the form-fields 
on the internal dimensions p"7|-p^. The symmetries of 
the reduced theory become manifest in the conformally 
related 4-D Einstein frame 



5^1' — ^ '^gfj.v! 
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where — -^/Sy is the 4-D dilaton. In four dimen- 

sions, the three-form field strengths are dual to the gra- 
dients of pseudo-scalar axion fields, Ui pO(|: 
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In this dual formulation the equations of motion for the 
fields follow from an effective action [EOl: 
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The action in Eq. (||) is invariant under the global 
SL(2,R) transformation 



A? = SMS^, =5^., <J, v = v, (7) 



where 



1^ 1 V3 ^ 1 /o^ 

^ = u= -ip+ —y, v=—ip~-y (8) 
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and 



E = 



D C 
B A 



AD~BC = 1. 
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The assumption that all fields are independent of the 
internal coordinates implies that the action (^) also ex- 
hibits a 'T-duality' 



y = -y, 0-1 = -c^i + X(^2 
X = cr2, 0-2 = X 



(11) 



that inverts the volume of the internal space and leaves 
the dilaton and 4-D Einstein frame metric invariant . 

This results in a second SL(2,R) symmetry that may 
be viewed as a mirror image of that given in Eq. ^ [ po[ . 
If we define 
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the action is invariant under the SL(2,R) transformation 

P = EPS]^, ~g^,^g^., -p^{Y.^y%, x = x. (14) 

The transformation ( p^ is formally equivalent to the se- 
quence of transformations given by Eq. (|n|), followed by 
Eq. (0), followed again by Eq. (|ll|). 

It should be emphasized that neither of the symmetries 
(^ or ( p^ coincide with the SL(2,R) symmetry of the 
NS-NS sector alone, which mixes the 4-D dilaton and 
the NS-NS axion |2^ . This symmetry has been employed 
previously to derive 4-D cosmological solutions with a 
non-trivial NS-NS form-field [0,^ , but is broken due to 
the interaction of the RR fields. 

We consider Friedmann-Robertson- Walker (FRW) 
cosmologies with the homogeneous and isotropic 4-D line 
element 



(15) 



where a is the scale factor in the string frame and c?f2^ is 
the line element on the 3-space with constant curvature 
K. The field equations are given by 



d 2 '^2 



+e'^{a[-x^'2r (16) 
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, a J 

-e-^^y+^a'^K-xa'^) (18) 

|-V32/' + ^')(7^ = e^^+V((7;-X^2) (19) 
{^'i - X(7^)' + 2 + ((7^ - X(7^) = (20) 
together with the Friedmann constraint 
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where a = ae""^/^ and a prime denotes d/drj. 

The general FRW dilaton-moduli-vacuum solution 
(with vanishing RR fields and NS-NS three-form field 
strength) is given by |Q 



T-1 + V3 COS t^. 

a = — ; 

V 1 + kt2 

= gy.^%/3sin5. 



(22) 

(23) 
(24) 



where a subscript * denotes arbitrary constants of inte- 
gration and r is given in terms of the conformal time 

by 

K^^/^l tan(K^/^?7)| for K > 

|?7| for K = . (25) 

|K|-i/2|tanh(|K|i/2,;)| for K < 

The dilaton-moduli-vacuum solutions correspond to tra- 
jectories which are straight lines in {ip, y) field-space (see 
Fig. |l|). Thus, vacuum trajectories which come in at 
an angle to the (p axis go out to infinity at an angle 
^2 = Ci + ^- Note that the time coordinate r diverges at 
early and late time in models with k > 0, but in models 
with negative spatial curvature we have t — > as 
T] — > ±c». 

The scale factor in the Einstein frame is given by 



1 



(26) 



This follows directly from the fact that homogeneous 
massless scalar fields have the same equation of state as 
a maximally stiff fluid | p3[ | . This remains true when the 
form-fields are included, despite their couplings to the 
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TABLE I. Parameters in the cosmological solutions of 
Eqs. (I^-H) for different choices of the tp field in Eq. @. 
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dilaton and moduli |7||lO[|, since the 4-D Einstein frame 
metric is invariant under the SL(2,R) transformations in 
Eqs. (Q) and (p^. Thus, the Einstein frame scale factor 
always has the simple evolution described by Eq. ( |2^ ) 
and this is singular as 77 ^ (and n^/^rj — > ±7r/2 for 
K > 0). 

The general FRW solution containing a single excited 
RR form field [^[l0|] can be generated by applying the 
SL(2,R) transformations in Eq. (0) or Eq. (|l|) to the 
dilaton-moduli-vacuum solutions in Eqs. (^2|-^4[) . We 
obtain 
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^^^^^■jJi(l+V3cos5i) _|_ ^^^^^^n(l-\/3 cos 52) 
(1 + Kt2)" 

(r/r*)"^™"^^ + (r/r*)""^™'«^ 

(t/t*)"^"'''«i + (r/T,)""^"'"«^ 

(t/t*)"^™''?! - (r/n)""^™''«2 



FIG. 1. Trajectories in {tf,y) field-space for the dila- 
ton-moduli-vacuum solution (solid line) with ^, = 7r/9. The 
dashed, dot-dashed and dotted lines represent the three sin- 
gle form-field solution with V = Xi ""2 and (ti, respectively, 
obtained by the appropriate SL(2,R) transformation of the 
dilaton-moduli-vacuum solution. 
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where K — ±6^'''*/"^+^^*/'"^ and the field ijj represents 
the field x or "'2 depending upon which of these fields is 
excited. These solutions interpolate between two asymp- 
totic regimes where the form-fields vanish and the tra- 
jectories in {ip,y) space become straight hues 0. If the 
asymptotic trajectory comes in at an initial angle ^1 to 
the Lp axis, it leaves at an angle ^2- The values of the 
parameters n, m, ^1 and ^2 for different choices of form- 
field are given in Table |[ Note that for each form-field 
there is a characteristic angle such that l/n = cos 6*, 
1/m — suy6 and ^2 = 20 — ^1. 

The general solution with non-trivial x s-nd constant 
Oi (i.e., vanishing three-form field strengths -ff*-*^) is ob- 
tained by applying the SL(2,R) transformation (0). The 
transformed fields u and x have the form 



14j]_to the dilaton-moduli- 
41). It leaves x' = but 



e" = |2C(L' + Cx)|cosh(u + A) 
1 



X = X* ± 



\2C{D + Cx)\ 



tanh(u + A) , 



(31) 
(32) 



where = \{D + Cx)/C\. The introduction of a non- 
constant X field places a lower bound on u, and hence 
the 10-D dilaton field, <& = 2u. A typical solution with 
x' ^ is shown in Fig. |l|. The RR field interpolates 
between two asymptotic vacuum solutions where x' ~* 
0. Trajectories that come in from infinity {u — > 00) at 



an angle ^1 = where — 7r/6 < ^* < 57r/6, are then 
reflected in the line u = m» = (iy9* + \/32/*)/2 and emerge 
at an angle ^2 = (27r/3) — 

The mirror image of the x' 7^ solution under the 
reflection symmetry Eq. ( |ll] ) is a solution with 7^ 
and x' — 0. Because the T-duality, Eq. (pT|), leaves the 
4-D dilaton as well as the 4-D Einstein frame metric 
invariant, we flnd that the evolution of both (p and thus 
the original string frame metric is the same for a single 
excited RR field regardless of whether it is x or <J2 that 
is excited. 

This solution with 02 ^ 0, can also be generated by 
applying the transformation 
vacuum solutions in Eqs. (122 

leads to a[ = x<^2 and thus = 0, but i?^^) ^ 

Note that ai is only constant when x = 0. There is a 
lower bound on the field and the generic behaviour 
of Lp and y for this solution is plotted in Fig. |l|. The 
RR form-field again leads to a solution that interpolates 
between two asymptotic vacuum solutions, where a'2 — > 
0. Trajectories that come from infinity {w 00) at an 
angle ^1 = where —5n/6 < < 7r/6, are reflected 
in the line w — w^, — ((^* ~ V3y*)/2, and emerge at an 
angle ^2 = -(27r/3) - 

For completeness we note that Eqs. (p7-^) also rep- 
resent a solution with ip = ai (see Tablel) which is the 
general 'dilaton-moduli-axion' solution first presented 
in 0. For x = this corresponds to vanishing RR 
field strengths and an excited NS-NS three-form field 
strength, H^^\ Note that for x 7^ (but constant) this 
corresponds to a particular solution with non-vanishing 
RR three-form field strength ^ -^iJ^^) [see Eqs. (|) 
and (H)]. The scale factor in the Einstein frame is still 
given by Eq. (|2^) and the modulus field y is given by 
the vacuum solution (E4h. The typical evolution of the 
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fields <p and y is shown in Fig. The presence of a non- 
vanishing a'l enforces a lower bound on the value of the 4- 
D dilaton, Lp > ips,. Trajectories that come from infinity 
(^p — > oo) at an angle = where — 7r/2 < ^* < 7r/2, 
are reflected in the line ~ ip^ back out at an angle 
^2 = ^t*- No trajectories can reach 93 —* —00 unless 
al=0[|. 

We now consider solutions where two of the form-fields 
are non-vanishing but the third is zero. The field equa- 
tions (|l6|-p0|) imply that the only consistent solution of 
this type arises when 71(1) ^ p^.^^^ ^ 
and this allows o\ to be eliminated. Eqs 
may be integrated directly to yield a^e'^+^^x 
^^v-y/zy _ J ^ where J and L are arbitrary constants. 
Defining a new time parameter T = drj'/a^ cx ln|r| 
and new variables q± = ip± [y/^/i) implies that the field 
equations for the dilaton and moduli may be expressed 
as 



(IS) and (hg) 
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and the Fricdmann constraint ( |2l] ) gives 
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where a dot denotes d/dT and the potential 



2 ^ 



(33) 
(34) 



(35) 



(36) 



Equations (|33|-|35|) correspond to those of the SU(3) 
Toda system [|4|. This has recently been studied in sim- 
ilar models by a number of authors The general 
solution is of the form |11 



3 



(37) 



where -^i — 0, so that X^i^ < and A,„ax > 0. This 
gives the asymptotic solution for ip and y as T —00: 



while as T - 



OT/2 



-A 



00 we have 

)T/2 



,V3(A„ax+A„i„)T/2 



,\/3(A„ax+A,„i„)T/2 



(38) 



(39) 



As in the single form-field solutions discussed above, 
the asymptotic solutions correspond to straight lines in 
the {(fi, y) plane. We see that trajectories that come from 
infinity {ip 00) at an angle ^* are refiected back out at 
an angle — This is exactly the qualitative behaviour 
of the NS-NS dilaton-moduli-axion solution. However, 
the range of allowed asymptotic trajectories is more re- 
stricted than in the pure NS-NS case. The potential 
in the constraint Eq. ( p5| ) is bounded from above and 
we therefore require that \y\ < ip/V^ asymptotically. 




FIG. 2. Trajectories in {ip, y) field-space for a typical so- 
lution with two RR form-fields with = (dashed line) 
and a solution with all form-fields non-trivial (solid line). 
The two solutions are related by an SL(2,R) transformation. 



Thus, the asymptotic solutions are restricted to the range 
-7r/6 < 6 < 71-/6, where V < 3a^/2. 

The general FRW solutions to the type IIB string ac- 
tion presented in Eq. (||) can be generated by applying an 
appropriate sequence of SL(2,R) transformations on the 
dilaton-moduli-vacuum solution presented in Eqs. (p^ 
p^ ). The transformations are given by Eq. (^, followed 
by Eq. (|l^ , followed by Eq. (^ . This includes the above 
Toda system as a special case, where H^^^ — 0. The pro- 
cedure is readily extended to other situations including 
anisotropic and inhomogeneous metrics. One can also ob- 
tain solutions with all three form-fields non-zero [ p2|jl3[ 
by applying the SL(2,R) transformation given in Eq. (M) 
to the single form-field ^ = ai solutions presented in 
Eqs. (|27-30). However, these solutions correspond only 
to the particular case where iJ^^-* oc i?^^). 

The general solution exhibits a sequence of bounces 
between asymptotic vacuum states. A typical solution 
is shown in Figs. ^ and ^ The time-dependence of the 
fields X Enid CT2 induces lower bounds on the variables 
u and w, respectively, as seen in the single form-field 
solutions. In the general solution this results in a lower 
bound on ip = u -\- w. 

The general type IIB solution contains a non- vanishing 
NS-NS form-field, but can always be obtained from a 
Toda system with i?^^) = by a single SL(2,R) trans- 
formation (|^). The asymptotic behaviour of ip and y is 
invariant under this transformation. This follows since 
u — > 00 asymptotically for all solutions in the Toda sys- 
tem^ and, from Eq. (plj), we obtain u — > u in the general 
solution. We also have v — v and thus (p and y are invari- 



*An exceptional case is when u ^ u* asymptotically, where 
Ut is a constant. In this case u — ^constant, though not nec- 
essarily It,, but the qualitative behaviour is the same. 
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FIG. 3. The three axion fields ai (solid line), (72 (dashed 
line) and x (dot-dashed line) against Inr for the solution 
shown in Fig. 2 with all form-fields non-trivial. 



ant in this limit. Thus, trajectories in {ip,y) field-space 
come in at an angle and leave at an angle — where 
-7r/6 < ^* < 7r/6. 

In conclusion, therefore, we have shown that from 
the dimensionally reduced type IIB superstring ac- 
tion (H), the general FRW cosmological solution with 
non-vanishing RR and NS-NS form-fields interpolates 
between asymptotic dilaton-moduli-vacuum solutions, 
where the form-fields vanish. These early- and late- 
time limiting solutions correspond to straight lines in the 
(</?, y) plane at an angle S.* to the tp-axis and are related 
via a reflection symmetry —^ — This is strikingly 
similar to the pure NS-NS solution ||^. On the other 
hand, when the RR fields are non- vanishing, the initial 
and final trajectories in ((/?, y) space are restricted to the 
wedge — 7r/6 < ^* < 7r/6, in contrast to the NS-NS solu- 
tions, where they are bounded by —tt/2 < ^* < 7r/2. 

This places important restrictions on the range of cos- 
mological solutions found. Firstly, the scale factor in the 
string frame, a, is always bounded from below. The so- 
lutions are still singular in this frame, however, and ap- 
proach a curvature singularity in the limit t — > 0. When 
the RR fields vanish, the axion field cti is dual to the 
NS-NS three-form field strength. This field is minimally 
coupled in the conformally related frame with scale fac- 
tor e'^a. The metric in this frame is non-singular when 
< ""/S (2^. It is interesting that this is precisely 
the bound placed on the allowed trajectories by the RR 
fields. Moreover, the spectrum of quantum fluctuations 
induced in the NS-NS axion field during an infiationary 
"pre-Big Bang" epoc h p5|] h as a spectral index given by 
Us = 4 - 2y/3\ cos^,| |10|,|2|. The RR fields limit the al- 
lowed range to 4 — 2\/3 < Ug < 1. Thus, RR fields in this 
model lead to the NS-NS axion possessing a spectrum 
with 71s < 1 and this might have interesting consequences 
for the formation of large-scale structure in our universe. 
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